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SOL UTION OF PROBLEM 226. 



BY PROP. W. W. JOHNSON, ST. JOHN'S COLLEGE, ANNAPOLIS, MD. 

Putting = 6, x = cos in the first of the required equations, and 

x = sin in the second. In either case, sin vd=0, and cos nd = 1 ; hence 
if we can express either of these quantities in a finite number of terms in- 
volving powers of cos we shall have the first of the required equations, 
and if we express either of them in terms of sin 0, we have the second 
equation. Now sin nd cannot be expressed in a finite number of terms in- 
volving cos 6; but for cosn# we have (See Chauvenet's Trig., eq. 460, page 
138), 

a nnr~i n 2 , a , n 2 (n 2 — 2 2 ) , a , ~| 

cosn0 = cos— 1 — -=- cos 2 0-\- ± ' cos 4 fl-f . . . 

I* L ^ J...Z.0.4 _J 

. . twrf a n{n 2 — l 2 ) t0 . n(n 2 — V)(n 2 -3 2 ) M ~| 
+ sin— - ncosa v y cos 3 g+— £■. '-eos?0.. \. 

Substituting cos — a; we have, when 71 is an odd integer, 
but when «. is even we have 

o =-i+(-i)* [i-^-f!^!)^- . . . 

+( _i) ^v-2 2 ) • ^p-Miy ], (2) 

Equations (1) and (2) are therefore the equations whose roots are 

2for 

X = cos 

n 

For the second equation x = sin 0, and we are required to express either 
cos nd or sin nd in terms of sin 0. We have 

™cfl — i m2 o- 2/, L n 2 (n 2 ~2 2 ) . 4fl A'- 2 2 )(n 2 — 4 2 ) . 6fl . 

cosm0 = 1 — — -&varo-\- -. ^r sm " Tn ^sin 6 0+ . . . 

A 1.2.0.4 6 ! 

. n . A n{n 2 — l 2 ) . sa , n(n 2 — l 2 )(n 2 -3 2 ) . 5 „ 
sin no = n sm -i o o sm "^ sm 5 — .... 

When n. is odd, the expression for sin nd terminates, and we have by sub- 
stitution 
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■K-i^^i'X ^-E 'H-iJlV, (3) 

n ! 

but when n is even the expression for cos terminates, and we have, on sub- 
stitution, 

- g « _" 2 - 22 ^ -i. fo 2 -2> 2 -4 2 ) 6 _ 
* ~3X + 33X6 * - 

^ j 3.4.5.... n ** W 

Equations (3) and (4) are therefore those whose roots are 

. 2for 
x = sin . 

The several roots are in each case found by giving to k the values 0, 1, 
2, .... n — 1. Putting i = 0we see that x = 1 is a root of equations (1) 
and (2), whence we have the numerical series, when n is odd, 

1.J&.0 o . 

and when n is even, 

t iw— i "".n^n 1 — 2*) w 2 K— 2 2 )(w 2 — 4 2 ) , 

^— ±;s _ i— —+ — — ^ -(- .... 

Since cos = cos ^ ' the roots (exclusive of unity) of eq. (1) occur 

in equal pairs, and the equation must be of the form 

(»-l)[J' 1 (*)]» = 0, 
and for a like reason equation (2) must have the form 

(<*-i)lF 2 {x)y = o. 

The equations F t (x) = and F z (x) — are therefore those whose roots 
are the different values of x, exclusive of 1 and — 1, which are represented 
by cos (2for-Mi). 

I proceed to find the form of the functions F t (x) and F 2 (x). Observe 
in the first place that we may, in any one of the equations, change n to -n, 
in each of the coefficients; and also that, since in (1) and (2) the degree of 
each term in n is the same as its degree in x, the same will be true in the 
quotients when we divide these equations by — 1+a; or — 1 -J- a?, and also 
in the square roots of the results, that is in the functions F 1 and F z . 

Assuming n to have the form 4«/-fl in eq. (1) we may give to w the suc- 
cessive values 1, — 3, 5, — 7, 9 etc., and by changing the sign of n we shall 
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have the form which the function takes when n is of the form 4n f -f- 3, 
which form may be denoted by F z , the admissible values of n being — 1, 
3, — 5, 7 etc. It is obvious that the first term of F x (x) is 1; and, since 
the expression must reduce to its first term when n = 1, every term after 
the first must contain the factor n — 1. In like manner all terms after the 
second must contain the factor n + 3, since when n = — 3 all terms after 
the second must vanish; and so on. Thus we may assume 

F x {x) = 1+A{n— l)x+B(n— l)(w+3)a; 2 + 

in which A, B, etc., are numerical factors, since the degree of each term in 
n is to be the same as its degree in x. Then the expression F s (x), found by 
changing n to — «, is 

F 3 (x) <= 1— A{n+l)x+B(n+l)(n— S)x i — 

In either case the last term contains x 2 ) and — — factors which are 

successive multiples of 4, the least being 4; hence, denoting the numerical 
factor by L, the value of this term is 



m 



i 



Now this term is the square root of the last term of [F^x)"] 2 which is the 
result of dividing the second member of (1) by — 1-j-a:. The latter term 
may be written in the form 

(2n-2)(2w-4) .... (n+l)(n-l) .. .. 2 1 

= 2"- 1 a"" 1 , 

»— 1 n— 1 

the square root of which is ± 2 2 x 2 . Theoefore 
L . 4T^~ \^~) ! xT- = ±_T^T X 2 

whence L=± 



^(==1) ,' 



which gives the value of each coefficient, since any term may be made the 
last term in one or other of the expressions F x (x) and F z (x). To deter- 
mine the signs of the terms, observe that the coefficient of the term prece- 
ding the last in [i^fa)] 2 is the same as that of the last term, and is therefore 
positive; hence the last two terms of F^x) or F 3 (x) have the same sign. 
Then since F t (x) contains an odd number of terms A and B must have the 
same sign, and so must G and D, E and F, etc., and since F & (x) contains 
an even number of terms, 1 and — A, B and — C, etc., must have the same 
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sign. Thus we have when n = 4n'+l 

F l(x) = 1-^=1 *- in -^+ V a , + (n-l)(n+3)(n-5) x3+> _ 

and when n = 4n'+3 

*.(.) = i+^ a ^H^^ a ,_ (»+iy» 5 3X»+g) a , + ... 

Eq. (2) takes different forms when n is of the form 4n'+2, and when it 
is of the form 4n'. In the first case, all the pairs of equal roots occur in 
couples having numerically equal positive and negative values, so that the 
equation may be written in the form {x 2 — ^[.F^x 2 )] 2 = 0; but in the sec- 
ond case there is a single pair of zero roots, so that the form of the equation 
is x%a?— l)lF i {x 2 )Y = 0. 

When n = 4n'-\-2, eq. (2) becomes 

= -1 + 5! a «_ n '("'- 2a ) J « + _, tt 2 (n2-22)...0*-(n-2)2] - 
^2.2 2.4! I" ••••-!- 2 .n! 

in which n admits of the values ± 2, ± 6, ± 10, etc. The first term of 
F 2 (a?) is unity; and, since the expression must reduce to its first term when 
n = ±2, all the terms beyond the first must contain n 2 — 2 2 as a factor. In 
like manner, all the terms beyond the second must contain n. 2 — 6 2 , etc. 
Thus we may assume 

F 2 (x 2 ) = 1 +A(n 2 —2 2 )x 2 +B(n 2 —2 2 ){n 2 —6 2 y+ . . . +£(n 2 — 2 2 ) . . . 

n-2 

x[n 2 — (n— 4) 2 ]a; 2 , 
in which A, B, etc., have numerical values. The last term may be written 
in the form 

L.(2n— 4)(2n— 8) . . . (n+2)(n— 2) . . . 4afT~ = lJt*~ fc?) \x^. 

But the last term of the quotient, when the above form of eq. (2) is divided 

by — 1+x 2 , is 

(2n-2)(2n-4) . . . (n+2)n(n-2) ... 2 2 _ 2 „_ 2 2 
2.(n-l)! * -I * t 

n— 2 « — 2 

the square root of which is ±2 2 x 2 . Hence 



LA^r\^y.x~= ±2 
and L=± 



n— 2 n— 2 

2 a; i , 



t-^Y 



2 ^/»-2l 



which gives the form of the numerical factors. It is easily shown that the 
last term but one of F 2 {x i ) is negative, hence the last two terms of -^(a^) 
are always of opposite signs, and we have 
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* 2 {x ) — i—^-x + 21741 * — • •■ 

When n is of the form 4«/, eq. (2) becomes 

- _**+ n ~ 22 xi _ (n 2 -nn 2 -4?) . 2{n 2 -2 2 )...\n 2 -(n-2)^ 

ar+ ~^A X 3X576" x + --- + JH ' 

in which n admits of the values ±4, ±8, etc., the form of the equation be- 
ing a?(a? — 1)^4 (a; 2 )] 2 = 0, so that the degree of each term of F^a?) in n 
will still be the same as the degree in x. The first term of F A (x 2 ) is unity, 
and it may be assumed in the form 

F 4 (x 2 ) — l-M^ 2 — 4> 2 + J B(n 2 — 4 2 )(«, 2 — 8> 4 + . . . +L(n 2 — 4 2 ) .... 

n-4 

x[n 2 — (n — if]x 2 , 
A, B, etc., having numerical values. In this case, the last term is 

L.(2n— 4)(2n— 8) . . . ( B +4)(n— 4). . ,4.x~ = L - V 2 ' aiV", 

n 
But the last term of [-^(a:)] 2 may be written 

2(2w— 2)(2w— 4) .... (n-j- 2)7i(w— 2) .... 2 „. 
n* 71: 

_2V-1)< 4 _2» 



m 2 (ji — 1) ! ~ n 

0!4n n-4 

the square root of which is if- — * 2 . Hence 



n-4 



"-2 



< -(^) ' * 



4. O^" "~ 4 

jc 2 = ± x 2 and i = ±— 



2^(5=?), 



The terms are of alternate signs, for the reason already given in the case 
of F i} hence we have 

F (x 2 ) = l- n '- 42 ^,( ^-4 2 )(^ -8 2 ) 4 _ 

Of equation (3) we can only infer, what is obvious on inspection, that it 
takes the form xF{x 2 ) = 0; but eq. (4) takes the form ar^a; 2 )] 2 = when 
n has the form 4n/+2, and the form x\x? — l)[.F(a; 3 )] 2 = 0, when n has the 
form An'. In the latter case, the equation becomes identical with eq. (2) in 
the like case, and in the former case, we find by the method pursued above 



